Sets of mutually orthogonal latin squares with “like subsquares,” II  by Roberts, Charles E
JOURNAL OF COMBINATORIAL THEORY, Series A 70, 159 164 (1995) 
Note 
Sets of Mutually Orthogonal Latin Squares 
with "Like Subsquares," II 
CHARLES E. ROBERTS, JR. 
Department of Mathematics and Computer Science, 
Indiana State University, Terre Haute, Indiana 47809 
Communicated by the Managing Editors 
Received January 20, 1992; revised December 2, 1993 
Let N(n) denote the maximum number of mutually orthogonal Latin squares of 
order n. In this article we increase the lower bound on N(n) for n = 36, 40, and 48 
by exhibiting sets of Latin squares which establish N(36)>~5, N(40)~>5, and 
N(48) i>5. In each of these orthogonal sets the Latin squares are all transversal 
identifying and all contain like subsquares. © 1995 Academic Press, Inc. 
NOTATION AND DEFINITIONS 
A Latin square of order n is an n x n matrix each of whose rows and 
columns is a permutation of a set of n elements. Two Latin squares of order 
n, A=(a~)  and B=(b~) ,  are orthogonal if the n 2 pairs (au, b~) 
( i , j=  1, 2, ..., n) are distinct. A collection C= {A1, A2, ..:, Ak} of Latin 
squares of order n is mutually orthogonaI, provided A i is orthogonal to Aj 
for each i Cj. 
Throughout his article we will restrict our attention to Latin squares of 
order n in which each row and each column is a permutation of the set 
Vn = { 1, 2, ..., n}. For n= 2, 3, and 5 let Sn denote the symmetric Latin 
square with elements ij = 3 - i - - j  =_ k ~ Vn, where addition is modulo n. 
In [ 1] we introduced the concepts of transversal identifying Latin 
squares and Latin squares with "like subsquares." We explained how to 
employ these concepts in computer algorithms and produced new sets of 
mutually orthogonal Latin squares for n= 12, 15, 20, 21, and 24. For 
n = 24, we established N(24)/> 5. 
A transversal in a Latin square is a set of locations, no two from the 
same row or same column, all occupied by distinct symbols. In [ 1 ] we 
defined a Latin square A to be a transversal identifying Latin square if in 
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every column j, the element i appears in row a~. That is, a Latin square A 
is a transversal identifying Latin square if i appears in location (au,j) for 
all i , j= 1, 2, ..., n. Clearly, if A is a transversal identifying Latin square, 
then any column permutation of A is also a transversal identifying Latin 
square. 
If an entry a occurs in a matrix a certain number of times, we will say 
that a occurs with frequency f(a). Two matrices, T and U, with common 
entries as, a2, . . . ,  ar are said to be like i f f r (a i )  =fu(a i )  for all i. Let A be 
a Latin square of order n where n = mk. A is uniformly partitioned into m 2 
like subsquares of size k × k if the rn 2 subsquares occur in rn sets of rn like 
square matrices. 
RESULTS 
We begin the construction of a set of mutually orthogonal Latin squares 
by selecting a symmetric, transversal identifying Latin square S. New Latin 
squares are formed by permuting columns of S. Squares orthogonal to S 
are constructed one column at a time. If S is a transversal identifying Latin 
square, the computing time required to check for orthogonality is reduced. 
If the permutations of columns of S are chosen from the set of permuta- 
tions which produce new Latin squares that have like subsquares, then the 
computing time required is reduced even more. 
In order to generate a Latin square A which is orthogonal to a given 
transversal identifying Latin square S, which is a column permutation of S 
and which has like subsquares, the square A is partitioned into subsquares 
and a structure pattern is selected for A. Since A is obtained from S by 
column permutations, the location of the set of subsquares like the sub- 
square A ~1 in a particular pattern determines a subset of columns of S that 
may occur as any specified column of A. For complete details see [ 1 ]. 
We will abbreviate the column permutation 
re(l) ~(2) ~(3) . . -~(n)  
by simply writing 7c(1)re(2)re(3)-.- ~(n). 
n=36.  Let F l=( (S2xS2)  xS3)xS3=(S4xS3)xS3=SlzxS3 ,  
where x denotes the Kronecker product. Let F2 be the column permuta- 
tion of F1 shown in Fig. 1. F 2 was chosen by analogy with the subsquares 
of A given in [ 1 ]. Starting with {F 1, F2} we generated all orthogonal Latin 
squares whose like subsquare patterns were the locations of the symbol "1" 
in the Latin square B of [ 1 ] and whose first nine columns were columns 
1, 4, 7, 12, 15, 18, 29, 32, 35 of F1. Twenty-three squares were found in 
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5 min computing time. The first nine columns were selected by analogy 
with the permutation (147369258) of eight mutually orthogonal squares of 
order 9. From these 23 squares we selected F 3 of Fig. 1. Starting with 
{F1, F2, F3} we generated all Latin squares with like subsquare patterns C 
and D of [1] which had first three columns 159, 168, 174, 186, 195 (the 
first three columns of squares in a set of eight mutually orthogonal squares 
of order 9). Forty-four squares with pattern C were found in 3 h 22 rain 
and 54 squares with pattern D were found in 24 h 22 min. From this collec- 
tion of 98 Latin squares we were able to produce 16 sets of five mutually 
orthogonal Latin squares of order 36. One such set is displayed in Fig. 1. 
Upon examining the sets of five mutually orthogonal Latin squares of 
order 24 which we generated in [ 1 ], we found that the like subsquares in 
the left half of each Latin square were identical, as were the like subsquares 
in the right half of each square. Consequently, we decided to search for sets 
of mutually orthogonal Latin squares with this additional property. 
n = 40. Let G 1 -- S 8 x S 5 = (S 4 x $2) x S 5 and G2 be the column 
permutation of G1 given in Fig. 2. G2 was chosen by analogy with the 
subsquares of A given in [1]. Starting with {GI, G2} we generated all 
orthogonal Latin squares of order 40 with like subsquare structure pattern 
14768523 which had columns 3, 5, 2, 4 of F1 as columns 2 through 5, which 
Column Permutat ions  of  F1 
FI:  1 2 3 4 5 6 7 8 9 i0 I i  12 13 14 15 16 17 18 19 20 
21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 
F2: 1 3 2 7 9 8 4 6 5 19 21 20 25 27 26 22 24 23 32 31 
33 29 28 30 35 34 36 14 13 15 i i  i0 12 17 16 18 
F3: 1 4 7 12 15 18 29 32 35 28 31 34 21 24 27 2 5 8 I0 13 
16 23 26 20 9 3 6 19 22 25 14 17 i i  36 30 33 
F4: 1 5 9 13 17 12 34 29 33 6 7 2 35 30 31 23 27 19 4 8 
3 15 16 i i  24 25 20 18 i0 14 32 36 28 26 21 22 
F5: 1 6 8 22 27 20 i0 15 17 21 23 25 32 34 30 18 i i  13 16 12 
14 2 4 9 33 35 28 24 26 19 36 29 31 7 3 5 
L ike  Subsquare  Pat terns  
FI: 1 3 2 4 6 5 7 9 8 i0 12 i i  
F2: 1 2 3 7 8 9 12 i0 ii 6 4 5 
F3: 1 4 ii i0 7 2 6 8 3 9 5 12 
F4: 1 6 12 3 I I  8 2 5 7 4 i0 9 
F5: 1 8 4 9 i0 6 5 3 12 7 i i  2 
FIG. 1. Five mutually orthogonal Latin squares of order 36 with like subsquare structure 
pattern S12 (F 1 = $1~ x $3). 
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had left half like subsquares identical, and which had right half like 
subsquares identical. Ten Latin squares of this type were found in 10 min 
computing time. Again starting with { G1, G2} we generated all orthogonal 
Latin squares with like subsquare structure pattern 15487362 which had 
columns 4, 2, 5, 3 of F 1 as columns 2 through 5, which had left half like 
subsquares identical and which had right half like subsquares identical. Ten 
Latin squares of this type were found in 10min. From these 20 Latin 
squares, we were able to produce 50 sets of four mutually orthogonal Latin 
squares. From this set, we selected the set { G1, G2, G3, 64} given in Fig. 2 
and generated all Latin squares with subsquare structure patterns (a) 
16253847, (b) 17826435, and (c) 18632754 which had identical left half like 
subsquares and identical right half like subsquares. Structure patterns (a), 
(b), and (c) each yielded 16 squares. None of these squares was orthogonal 
to any other, so we have 48 sets of five mutually orthogonal Latin squares 
of order 40. One of these sets is displayed in Fig. 2. The entire search 
required 26 h. The set of five mutually orthogonal Latin squares displayed 
in Fig. 2 disproves MacNeish's conjecture for order 40. 
n = 48. Let H 1 = $I6 x S 3 = (S 4 X $4) X S 3 and let H 2 be the column 
permutation of H, displayed in Fig. 3. Starting with {H~,H2} we 
generated all orthogonal Latin squares of order 48 with like subsquare 
structure pattern 1 4 7 6 13 16 11 10 12 9 14 15 8 5 2 3, which had left 
half like subsquares identical and which had right half like subsquares 
Column Permutat ions  o f  G1 
GI: 1 2 3 4 5 6 7 8 9 i0 i i  12 13 14 15 16 17 18 19 20 
21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 
G2: 1 5 4 3 2 i i  15 14 13 12 21 25 24 23 22 31 35 34 33 32 
17 16 20 19 18 7 6 i0 9 8 37 36 40 39 38 27 26 30 29 28 
G3: 1 3 5 2 4 16 18 20 17 19 31 33 35 32 34 26 28 30 27 29 
37 40 38 36 39 22 25 23 21 24 7 i0 8 6 9 12 15 13 i i  14 
G4: 1 4 2 5 3 21 24 22 25 23 16 19 17 20 18 36 39 37 40 38 
34 31 33 35 32 14 ii 13 15 12 29 26 28 30 27 9 6 8 i0 7 
G5: 1 I0 28 35 16 26 25 3 20 31 6 5 23 40 i i  21 30 8 15 36 
18 9 22 37 14 33 24 7 12 39 13 4 27 32 19 38 29 2 17 34 
L ike  subsquare  Pat terns  
GI: 1 2 3 4 5 6 7 8 
G3: 14  7 6 8 5 2 3 
G4: 1 5 4 8 7 3 6 2 
G5: 1 6 2 5 3 8 4 7  
FIG. 2. Five mutually orthogonal Latin squares of order 40 with like subsquare structure 
pattern S 8 (GI = Ss x $5). 
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identical. One hundred thirty-six squares of this kind were found in 2 min. 
Again starting with {H1, H2}, we generated all squares with like subsquare 
pattern 1 5 9 13 4 8 12 16 7 3 15 11 6 2 14 10, which had left half like sub- 
squares identical and which had right half like subsquares identical. One 
hundred thirty-four squares of this kind were found in 2 min. From this 
collection of 270 Latin squares we were able to produce 2944 sets of four 
mutually orthogonal Latin squares. This required 7 min computing time. 
Starting with { H1, H2} we generated all orthogonal Latin squares with like 
subsquare structure pattern 1 6 11 16 8 3 14 9 15 12 5 2 10 13 4 7, which 
had left half like subsquares identical and which had right half like sub- 
squares identical. One hundred forty-four squares of this kind were found 
in 2 rain. From this set of Latin squares and the collection of 2944 sets of 
four mutually orthogonal Latin squares, we were able to produce 6804 sets 
of five mutually orthogonal Latin squares of order 48 in 54 min. One such 
set is displayed in Fig. 3. The like subsquare structure patterns employed in 
this search are members of a complete orthogonal set consisting of column 
permutations of $16. We attempted, without success, to increase the 
HI: 
H2 : 
Co lumn Permutat ions  of  HI  
1 2 3 4 5 6 7 8 9 I0 i i  12 13 14 15 16 17 18 19 20 
21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 
41 42 43 44 45 46 47 48 
1 3 2 7 9 8 13 15 14 19 21 20 25 27 26 31 33 32 37 39 
38 43 45 44 i i  I0 12 5 4 6 23 22 24 17 16 18 35 34 36 29 
28 30 47 46 48 41 40 42 
H3: 1 4 9 16 13 24 31 34 27  46 43 42 22 19 18 7 i0 3 40 37 
48 25 28 33 44 39 47 35 30 32 14 21 17 5 12 2 29 36 26 38 
45 41 i i  6 8 20 15 23 
H4: 1 14 8 13 2 20 25 38 32 37 26 44 I0 23 5 22 i i  17 34 47 
29 46 35 41 21 12 16 9 24 4 45 36 40 33 48 28 18 3 19 6 
15 7 42 27 43 30 39 31 
1 27 4 i0 36 7 19 45 22 16 42 13 37 15 40 46 24 43 31 9 
34 28 6 25 12 35 32 3 26 29 18 41 38 21 44 47 48 23 20 39 
14 17 30 5 2 33 8 i i  
H5: 
L ike  Subsquare  Pat terns  
Hl:  1 2 3 4 5 6 7 8 9 i0 I i  12 13 14 15 16 
H2: 1 3 5 7 9 I i  13 15 4 2 8 6 12 I0 16 14 
H3: 1 6 i i  16 8 3 14 9 15 12 5 2 i0 13 4 7 
H4: 1 5 9 13 4 8 12 16 7 3 15 i i  6 2 14 I0 
H5: 1 4 7 6 13 16 i i  i0 12 9 14 15 8 5 2 3 
FIO. 3. Five mutually orthogonal Latin squares of order 48 with like subsquare structure 
pattern $16 (Hi = S~6 x $3). 
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number of mutually orthogonal Latin squares of order 48 from 5 to 6 by 
generating all squares with the remaining like subsquare structure patterns 
which had identical left half and identical right half subsquares and then 
checking for orthogonality with each of the 6804 sets containing five 
mutually orthogonal squares. This part of the search required an additional 
3 h 11 rain. 
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